1
Introduction
So far, the core of the option pricing problem is a topic studied mainly in Finance and Mathematical Finance. This work shows, surprisingly, that option pricing can be seen as a statistical decision problem with some useful implications.
By purchasing at time t 0 for premium C a share's European call option, the buyer has in the future, at time T (> t 0 ), the option to buy the share at predetermined fixed value X. The "fair" price C is obtained, under some assumptions, by "replicating the call," i.e. by creating a portfolio that matches the call's payoff at T (Black and Scholes, 1973, Merton, 1973) . This procedure guarantees C does not allow arbitrage, i.e. that the call option's buyer cannot make profit with probability 1. However, "the procedure may be tedious and computationally demanding" (Sundaram, 1997, p. 85) . Alternatively, C is obtained by discounting at t 0 the expected value of the call's payoff at T under the risk neutral (or equivalent martingale) probability that is not always easy to determine. The interested reader may refer to Sundaram (1997) for a rather informal and accessible introduction to the use and determination of risk neutral probability.
More complex financial instruments have been introduced and priced in the sequel, as for example the American call option, where the option's holder may exercise the right to buy the share at price X any time t ∈ (t 0 , T ]; see Hull (1993) for other types of options. So far, for the European, the American and other call options, no statistical problems have been determined whose solutions provide the corresponding "fair" price.
Using the equivalent martingale probability approach, a simple, new expression for the price C of a European call option is obtained herein, which involves the minimum Bayes risk, R B , of a 2-parameter statistical estimation problem and some known quantities. In this way option pricing can be seen as the solution of a statistical problem. In fact, C increases when the corresponding statistical estimation problem becomes simpler. The result suggests discounting stock prices with expectations' ratios. C is calculated via R B for various stock price models, circumventing in some cases the search for the equivalent martingale probability and complementing the approach by Gerber and Shiu (1994) when the martingale probability is not unique. For the trader selling the call option, R B is a lower bound on the ratio of its liability and its expected assets at t 0 , called "accounting leverage". R B can be used when calculating the price of an American option. 
A quantitative description of the results
Let S t be the price of the stock at time t, 0 < t 0 ≤ t ≤ T, S t 0 = s t 0 , let (Ω, F , P ) be the underlying probability space and let P * be the (assumed for now) unique martingale probability equivalent to P. The buyer of a European call option at t 0 has the right to buy one share at time T with "strike" price X by paying "fair" price C, i.e. the discounted, P * -expected cost at maturity.
An expression for C is obtained that involves cumulative distributions F * 1 and F * 0 defined via P * ; F * 0 is the cumulative distribution of ln
under P * and F * 1 is an equivalent probability determined in (5). Distributions F * 1 and F * 0 constitute the parameter space of the statistical decision problem that determines the option's price. It is shown that
with R B the minimum Bayes risk for the estimation of and hence the C-value increases. It also follows that C can be obtained from a simple game with loss, profit and respective probabilities determined by R B .
At t 0 , accounting leverage for the trader writing the call option by taking a loan can be measured with the ratio
The numerator in the left side of (2) is the trader's liability and the denominator its total expected assets, both at t 0 . Since P (S T > X) is unknown, the trader or the bank providing the amount s t 0 −C may not allow the transaction when R B is "high" .
The results justify naming C Bayes (B-) price denoted byC B,t 0 (P * ) = C Motivated by these findings and the definition of F * 0 , we discount stock prices with expectation ratios and it is shown under B-S-M assumptions that B-priceC B,t 0 (P ) is B-S-M price C obtained under P * . This is not surprising since the expectations ratio discounted prices {
Note also that for the equivalent martingale probability P * of any P,
−r(t−t 0 ) i.e. the usual discounting factor.
Since discounted price s t 0 S T /E P S T is used when calculating B-price, sufficient conditions are provided for the mean-adjusted process {S t /E P S t , t > 0} of geometric prices to be martingale under P. These conditions hold for all t when ln(S t /E P S t ) is Brownian or hyperbolic Lévy motion, but for discrete normal mixture {S t /E P S t , t > 0} is "nearly" martingale for small t, which is sufficient to obtain the option's price. B-price for the latter, with small
T -values, indicates overpricing when using instead B-S-M price for normal distribution with the same mean and variance. B-price for Lévy motion is a "fair" price complementing the prices obtained by Eberlein and Keller (1995) using the Esscher transform (Gerber and Shiu, 1994 ).
The price of a European call and Bayes risk
SET-UP (A): S t is the stock's price at time t on the probability space
X is the strike price at maturity T ; P * is the unique equivalent martingale probability to P ; r = ln(
The "fair" price C of a European call option is the discounted expected value of the call's payoff at maturity under P * :
I denotes indicator function.
Denote by
Observe that
it follows that f * 1 is density with cumulative distribution function F * 1 and the mean value under F * 0 is smaller than that under F * 1 .
Proposition 3.1 Under (A), (4) and (5), for the "fair" price C of the European call option at t 0 it holds a)
The right side of (6) b) From a) it follows that
Thus, C can be called Bayes (B-) price, denoted also byC B,t 0 (P * ).
We revisit Schachermayer's (2008) "toy" example for an illustration.
Example 3.1 In Schachermayer's (2008) "toy" example, at time t 0 = 0 the stock has price s 0 = 1 USD and under martingale probability P * ,
.5 USD with prob. P * (S 1 = .5) = 2/3,
For strike price X = 1 USD, the price of the European option with maturity T = 1 and fixed interest i = 0 is
Let d be a generic exercise barrier like that used for Bayes risk in (6) . To obtain the B-price for P * maximize over d
Thus, B-price is the "fair" price 1 3 USD.
Corollary 3.1 In addition to the assumptions used in Proposition 3.1, assume that F * 0 and F * 1 are location-scale cumulative distribution functions, i.e.
the Bayes price of the call option is
where
Remark 3.1 Under B-S-M assumptions, (11) is the B-S-M price; see (32). with probability R B (the Bayes risk). The valueC =C B,t 0 (P * ) makes G "fair". Conditions are given below for prices which follow Geometric model that guarantee the process {S t /E P S t , t > 0} is a martingale under P. In the sequel it is seen that these conditions hold when the stock price process is modeled by a Geometric Brownian motion or Hyperbolic Levy motion.
Lemma 3.1 For the stock price process {S t , t > 0} on the probability space
(Ω, F , P ) assume that
with µ ∈ R, V 0 = 0 and {V t , t > 0} having stationary and independent increments. Then, E P e Vt = M t , M > 0, and the mean-adjusted prices {S t /E P S t , t > 0} are martingale under P.
4C B,t 0 (P ) for Geometric Brownian motion
It is seen thatC B,t 0 (P ) is the B-S-M-price C; there is no need to determine P * . Additional justification is initially provided for the use of discounting factor
Recall that in the B-S-M assumptions, the stock price process {S t , t > 0} on (Ω, F , P ) satisfies the stochastic differential equation
with {W t , t > 0} one-dimensional standard Brownian motion and {F t , t > 0} the natural filtration.
In Musiela and Rutkowski (1997, p. 110-111) it is shown that for t < T,
The coefficient e µ(T −t) describes the evolution of the price process from t to T and by taking expected values in (15) it follows that the discounting factor from T to t is
When the starting time is t 0 , equation (14) has analytic solution
s t 0 is the share's price at t 0 .
From (16) and (17), to discount the share's price from T at t 0 we use
Definition 4.1 For densities f and g on the real line, their Hellinger distance

H(f, g) is defined by
We then have the following proposition.
Proposition 4.1 Under (A) and the B-S-M assumptions, discounting S T with
A −1 (t 0 , T ) and cash with e −r(T −t 0 ) and defining F 0 , f 0 , f 1 , F 1 for P as in (4) and (5), it is shown that the Bayes priceC B,t 0 (P ) of the European call option is the B-S-M price. The Hellinger distance H(f 1 , f 0 ) increases with the volatility.
Remark 4.1 When the price process is a Geometric Brownian motion under P, from (17) for t > u > t 0 it holds
i.e. the mean-adjusted prices {S t /E P S t , t > t 0 } are a martingale under P.
Alternatively, observe that E P e σWt = (e .5σ 2 ) t and Lemma 3.1 holds with M = e .5σ 2 .
B-prices for other models
It is widely known that the distribution of the logarithm of price returns deviates from normality and the constant volatility assumption is often violated. Thus, researchers use also normal mixtures, distributions with heavier than normal tails, hyperbolic returns etc. B-price of the call option can be informative in these situations.
Assume that t 0 = 0 and that the stock price follows the model
It is seen below that when X t in (19) is a normal mixture, mean-adjusted prices are not martingale under P. However, for small t-values they "nearly" are and in a 2-normal mixture example it is observed that B-S-M price, obtained assuming X t is Brownian motion with the same mean and variance, is often larger than B-price and the mixture of B-S-M prices obtained for each normal in the mixture. When X t is a hyperbolic Lévy motion the martingale probability is not unique but mean-adjusted prices are martingale under P and a "fair" B-price is obtained.
The normal mixture model
When X t in (19) follows a normal mixture,
Recall that f 1 (y) = e y f 0 (y) and observe that
Then,
From (8), B-price of the European call option is
. , m and G T as in (21). We observe that {S t /E P S t , t > 0} are not martingale for m > 1. However, for small t (> u) they "nearly" are since
In Example {Z t , t > 0}, defined by the infinitely divisible hyperbolic distribution that is symmetric and centered with density
K 1 is the modified Bessel function of the third kind with index 1. The process {Z t , t > 0} has stationary, independent increments such that Z 0 = 0, Z 1 has density h(x; ζ, δ) and characteristic function φ(u; ζ, δ), and Z t has density
E & K called {Z t , t > 0} hyperbolic Lévy motion and used (19) with µ t = 0 to model stock prices,
E & K noticed that for model (24) there is no unique martingale probability and obtained a price for the European call option under a martingale probability using the Esscher transform of the process. Recent Fourier transform valuation formulas for Lévy and other models and securities can be found in Eberlein, Glau and Papantoleon (2010).
A "fair" B-price is now obtained under P complementing prices obtained using the Esscher transform (Gerber and Shiu, 1994 ).
Proposition 5.1 a) The mean-adjusted prices {S t /ES t , t > 0} are martingale under P.
Concluding Remarks
A purely statistical interpretation of the price C of the European call option has been provided from new formula (1). Advantages of B-prices include:
a) When mean-adjusted stock prices {S t /E P S t , t 0 ≤ t ≤ T } are martingale under P, C can be obtained without prior determination of P * as in sections 4 and 5.2.
b) For small T -values, {S t /E P S t } is often nearly a martingale under P and an approximation for C can be obtained as in section 5.1. Proof of Proposition 3.1 a) We start by proving the last equality in (6) .
In the right side of (25), regions (−∞, ln 
where (26) follows from (5); g(d) is a term due to the first derivative.
Thus, from (5) and (26)
It also holds
and the minimum Bayes risk
To prove the first equality in (6), note that since interest discounted stock prices are martingale under P * ,
Use (29) to express the "fair" price C of the option (in (3) ) using F * 1 and F * 0 ,
and then
The result follows from (28) and (31). follows that E P S T = s t 0 exp{µ(T − t 0 )}, and
N (θ, τ 2 ) is used to denote a normal distribution with mean θ and variance τ 2 .
From (5) it follows that
i.e. E P e Zt = (E P e Z 1 )
The result follows from Lemma 3.1.
b) Compute B-price as described in section 2. We then have
and since t 0 = 0 from (8) the B-price is 
